
First De-Trend then Attend: 
Rethinking Attention for Time-Series Forecasting

Xiyuan Zhang1, Xiaoyong Jin2, Karthick Gopalswamy2, Gaurav Gupta2, Youngsuk Park2, 
Xingjian Shi3, Hao Wang2, Danielle C. Maddix2, Yuyang Wang2

1UC San Diego  2AWS AI Labs  3AWS 

1



Outline

2

● Literature and Motivation

● Linear Equivalence

● Investigation on the Role of Softmax

● Our Method: TDformer

● Conclusion



Outline

3

● Literature and Motivation

● Linear Equivalence

● Investigation on the Role of Softmax

● Our Method: TDformer

● Conclusion



Literature and Motivation

4

● Transformer [1] for time-series forecasting

● Ability to capture long-range dependencies

● Variants of time-domain and frequency-domain Transformer
○ Informer [2], Autoformer [3], FEDformer [4], ETSformer [5], …
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● There is a lack of understanding on attention models in different domains
○ Does learning attention in one domain offer better representation ability than 

learning in the other domain?

● We seek to
○ Theoretically understand their relationships: linear equivalence

○ Empirically analyze their separate advantages: Investigation on the role of softmax

○ Combine empirical advantages for a better forecasting model: Our method: TDformer
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● Time-domain attention models

● Simplified assumptions without softmax

x

q

k

v

o
<latexit sha1_base64="BIjil6oAdZSVQznGmMdMWPWdgtc=">AAAB9HicbVDJSgNBEO2JW4xb1KOXJkGICGFGRD0GvXiMYBbIDKGnp5M06WXs7gkMQ/5C8OJBEa9+jLf8jZ3loIkPCh7vVVFVL4wZ1cZ1J05ubX1jcyu/XdjZ3ds/KB4eNbVMFCYNLJlU7RBpwqggDUMNI+1YEcRDRlrh8G7qt0ZEaSrFo0ljEnDUF7RHMTJWCnxN+xxVfBxJc9Ytlt2qOwNcJd6ClGsl//x5Ukvr3eK3H0mccCIMZkjrjufGJsiQMhQzMi74iSYxwkPUJx1LBeJEB9ns6DE8tUoEe1LZEgbO1N8TGeJapzy0nRyZgV72puJ/XicxvZsgoyJODBF4vqiXMGgknCYAI6oINiy1BGFF7a0QD5BC2NicCjYEb/nlVdK8qHpX1csHm8YtmCMPTkAJVIAHrkEN3IM6aAAMnsALeAPvzsh5dT6cz3lrzlnMHIM/cL5+AGCKlNQ=</latexit>

�(·)

x

q

k

v

O
<latexit sha1_base64="BIjil6oAdZSVQznGmMdMWPWdgtc=">AAAB9HicbVDJSgNBEO2JW4xb1KOXJkGICGFGRD0GvXiMYBbIDKGnp5M06WXs7gkMQ/5C8OJBEa9+jLf8jZ3loIkPCh7vVVFVL4wZ1cZ1J05ubX1jcyu/XdjZ3ds/KB4eNbVMFCYNLJlU7RBpwqggDUMNI+1YEcRDRlrh8G7qt0ZEaSrFo0ljEnDUF7RHMTJWCnxN+xxVfBxJc9Ytlt2qOwNcJd6ClGsl//x5Ukvr3eK3H0mccCIMZkjrjufGJsiQMhQzMi74iSYxwkPUJx1LBeJEB9ns6DE8tUoEe1LZEgbO1N8TGeJapzy0nRyZgV72puJ/XicxvZsgoyJODBF4vqiXMGgknCYAI6oINiy1BGFF7a0QD5BC2NicCjYEb/nlVdK8qHpX1csHm8YtmCMPTkAJVIAHrkEN3IM6aAAMnsALeAPvzsh5dT6cz3lrzlnMHIM/cL5+AGCKlNQ=</latexit>

�(·)

Q

K

V

<latexit sha1_base64="sK3mXzR7pkoZr8RpZFezkoEzQms=">AAAB7nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNSNWBTEZQV7gXYomTTThmYyIckIZehDuHGhiAs3vol7N+LbmF4W2vpD4OP/zyHnnFBypo3nfTu5hcWl5ZX8qru2vrG5VdjeqekkVYRWScIT1QixppwJWjXMcNqQiuI45LQe9q9Gef2eKs0ScWcGkgYx7goWMYKNteotgnl2PWwXil7JGwvNgz+F4sWHey7fvtxKu/DZ6iQkjakwhGOtm74nTZBhZRjhdOi2Uk0lJn3cpU2LAsdUB9l43CE6sE4HRYmyTxg0dn93ZDjWehCHtjLGpqdns5H5X9ZMTXQWZEzI1FBBJh9FKUcmQaPdUYcpSgwfWMBEMTsrIj2sMDH2Qq49gj+78jzUjkr+Sen41iuWL2GiPOzBPhyCD6dQhhuoQBUI9OEBnuDZkc6j8+K8TkpzzrRnF/7Ief8BstKS0A==</latexit>

F

<latexit sha1_base64="sK3mXzR7pkoZr8RpZFezkoEzQms=">AAAB7nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNSNWBTEZQV7gXYomTTThmYyIckIZehDuHGhiAs3vol7N+LbmF4W2vpD4OP/zyHnnFBypo3nfTu5hcWl5ZX8qru2vrG5VdjeqekkVYRWScIT1QixppwJWjXMcNqQiuI45LQe9q9Gef2eKs0ScWcGkgYx7goWMYKNteotgnl2PWwXil7JGwvNgz+F4sWHey7fvtxKu/DZ6iQkjakwhGOtm74nTZBhZRjhdOi2Uk0lJn3cpU2LAsdUB9l43CE6sE4HRYmyTxg0dn93ZDjWehCHtjLGpqdns5H5X9ZMTXQWZEzI1FBBJh9FKUcmQaPdUYcpSgwfWMBEMTsrIj2sMDH2Qq49gj+78jzUjkr+Sen41iuWL2GiPOzBPhyCD6dQhhuoQBUI9OEBnuDZkc6j8+K8TkpzzrRnF/7Ief8BstKS0A==</latexit>

F

<latexit sha1_base64="sK3mXzR7pkoZr8RpZFezkoEzQms=">AAAB7nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNSNWBTEZQV7gXYomTTThmYyIckIZehDuHGhiAs3vol7N+LbmF4W2vpD4OP/zyHnnFBypo3nfTu5hcWl5ZX8qru2vrG5VdjeqekkVYRWScIT1QixppwJWjXMcNqQiuI45LQe9q9Gef2eKs0ScWcGkgYx7goWMYKNteotgnl2PWwXil7JGwvNgz+F4sWHey7fvtxKu/DZ6iQkjakwhGOtm74nTZBhZRjhdOi2Uk0lJn3cpU2LAsdUB9l43CE6sE4HRYmyTxg0dn93ZDjWehCHtjLGpqdns5H5X9ZMTXQWZEzI1FBBJh9FKUcmQaPdUYcpSgwfWMBEMTsrIj2sMDH2Qq49gj+78jzUjkr+Sen41iuWL2GiPOzBPhyCD6dQhhuoQBUI9OEBnuDZkc6j8+K8TkpzzrRnF/7Ief8BstKS0A==</latexit>

F

o
<latexit sha1_base64="pOeZK++w9Fi11aptCFF1gX7q8y4=">AAAB+XicbVDLSsNAFL3xWeMr6tJNsAhuLImIuhGLgrisYB/QxjKZTtqhk0mYmRRKyJ+4EVHErR/h3o34N07aLrT1wMDhnHu5Z44fMyqV43wbc/MLi0vLhRVzdW19Y9Pa2q7JKBGYVHHEItHwkSSMclJVVDHSiAVBoc9I3e9f5X59QISkEb9Tw5h4IepyGlCMlJbaltUKkephxNLr7D49dLO2VXRKzgj2LHEnpHjxYZ7HT19mpW19tjoRTkLCFWZIyqbrxMpLkVAUM5KZrUSSGOE+6pKmphyFRHrpKHlm72ulYweR0I8re6T+3khRKOUw9PVknlNOe7n4n9dMVHDmpZTHiSIcjw8FCbNVZOc12B0qCFZsqAnCguqsNu4hgbDSZZm6BHf6y7OkdlRyT0rHt06xfAljFGAX9uAAXDiFMtxABaqAYQAP8AwvRmo8Gq/G23h0zpjs7MAfGO8/ueCWuQ==</latexit>

F�1

x

q

k

v

qs

qd

ks

kd

vs

vd

<latexit sha1_base64="ISi00aROQ5+SDrh9Wk9UmN+Mzqk=">AAAB8nicbVA9SwNBEJ2LX/H8ilraLAbBKtyJqI0YtLGMYD4gOcLeZi9Zsrd77O4J4cjPsLFQJK3/w95G/DfuJSk0+mDg8d4M82bChDNtPO/LKSwtr6yuFdfdjc2t7Z3S7l5Dy1QRWieSS9UKsaacCVo3zHDaShTFcchpMxze5H7zgSrNpLg3o4QGMe4LFjGCjZXanRibAcE8a467pbJX8aZAf4k/J+Wrd/cymXy6tW7po9OTJI2pMIRjrdu+l5ggw8owwunY7aSaJpgMcZ+2LRU4pjrIppHH6MgqPRRJZUsYNFV/TmQ41noUh7Yzj6gXvVz8z2unJroIMiaS1FBBZouilCMjUX4/6jFFieEjSzBRzGZFZIAVJsZ+ybVP8BdP/ksaJxX/rHJ655Wr1zBDEQ7gEI7Bh3Oowi3UoA4EJDzCM7w4xnlyXp3JrLXgzGf24Rect2/0MZSz</latexit>

W

<latexit sha1_base64="ISi00aROQ5+SDrh9Wk9UmN+Mzqk=">AAAB8nicbVA9SwNBEJ2LX/H8ilraLAbBKtyJqI0YtLGMYD4gOcLeZi9Zsrd77O4J4cjPsLFQJK3/w95G/DfuJSk0+mDg8d4M82bChDNtPO/LKSwtr6yuFdfdjc2t7Z3S7l5Dy1QRWieSS9UKsaacCVo3zHDaShTFcchpMxze5H7zgSrNpLg3o4QGMe4LFjGCjZXanRibAcE8a467pbJX8aZAf4k/J+Wrd/cymXy6tW7po9OTJI2pMIRjrdu+l5ggw8owwunY7aSaJpgMcZ+2LRU4pjrIppHH6MgqPRRJZUsYNFV/TmQ41noUh7Yzj6gXvVz8z2unJroIMiaS1FBBZouilCMjUX4/6jFFieEjSzBRzGZFZIAVJsZ+ybVP8BdP/ksaJxX/rHJ655Wr1zBDEQ7gEI7Bh3Oowi3UoA4EJDzCM7w4xnlyXp3JrLXgzGf24Rect2/0MZSz</latexit>

W

<latexit sha1_base64="ISi00aROQ5+SDrh9Wk9UmN+Mzqk=">AAAB8nicbVA9SwNBEJ2LX/H8ilraLAbBKtyJqI0YtLGMYD4gOcLeZi9Zsrd77O4J4cjPsLFQJK3/w95G/DfuJSk0+mDg8d4M82bChDNtPO/LKSwtr6yuFdfdjc2t7Z3S7l5Dy1QRWieSS9UKsaacCVo3zHDaShTFcchpMxze5H7zgSrNpLg3o4QGMe4LFjGCjZXanRibAcE8a467pbJX8aZAf4k/J+Wrd/cymXy6tW7po9OTJI2pMIRjrdu+l5ggw8owwunY7aSaJpgMcZ+2LRU4pjrIppHH6MgqPRRJZUsYNFV/TmQ41noUh7Yzj6gXvVz8z2unJroIMiaS1FBBZouilCMjUX4/6jFFieEjSzBRzGZFZIAVJsZ+ybVP8BdP/ksaJxX/rHJ655Wr1zBDEQ7gEI7Bh3Oowi3UoA4EJDzCM7w4xnlyXp3JrLXgzGf24Rect2/0MZSz</latexit>

W

<latexit sha1_base64="BIjil6oAdZSVQznGmMdMWPWdgtc=">AAAB9HicbVDJSgNBEO2JW4xb1KOXJkGICGFGRD0GvXiMYBbIDKGnp5M06WXs7gkMQ/5C8OJBEa9+jLf8jZ3loIkPCh7vVVFVL4wZ1cZ1J05ubX1jcyu/XdjZ3ds/KB4eNbVMFCYNLJlU7RBpwqggDUMNI+1YEcRDRlrh8G7qt0ZEaSrFo0ljEnDUF7RHMTJWCnxN+xxVfBxJc9Ytlt2qOwNcJd6ClGsl//x5Ukvr3eK3H0mccCIMZkjrjufGJsiQMhQzMi74iSYxwkPUJx1LBeJEB9ns6DE8tUoEe1LZEgbO1N8TGeJapzy0nRyZgV72puJ/XicxvZsgoyJODBF4vqiXMGgknCYAI6oINiy1BGFF7a0QD5BC2NicCjYEb/nlVdK8qHpX1csHm8YtmCMPTkAJVIAHrkEN3IM6aAAMnsALeAPvzsh5dT6cz3lrzlnMHIM/cL5+AGCKlNQ=</latexit>

�(·)

<latexit sha1_base64="BIjil6oAdZSVQznGmMdMWPWdgtc=">AAAB9HicbVDJSgNBEO2JW4xb1KOXJkGICGFGRD0GvXiMYBbIDKGnp5M06WXs7gkMQ/5C8OJBEa9+jLf8jZ3loIkPCh7vVVFVL4wZ1cZ1J05ubX1jcyu/XdjZ3ds/KB4eNbVMFCYNLJlU7RBpwqggDUMNI+1YEcRDRlrh8G7qt0ZEaSrFo0ljEnDUF7RHMTJWCnxN+xxVfBxJc9Ytlt2qOwNcJd6ClGsl//x5Ukvr3eK3H0mccCIMZkjrjufGJsiQMhQzMi74iSYxwkPUJx1LBeJEB9ns6DE8tUoEe1LZEgbO1N8TGeJapzy0nRyZgV72puJ/XicxvZsgoyJODBF4vqiXMGgknCYAI6oINiy1BGFF7a0QD5BC2NicCjYEb/nlVdK8qHpX1csHm8YtmCMPTkAJVIAHrkEN3IM6aAAMnsALeAPvzsh5dT6cz3lrzlnMHIM/cL5+AGCKlNQ=</latexit>

�(·)

os

od

o

<latexit sha1_base64="t7aw1vwq75bs6aSLfG57ONpgX1I=">AAAB+XicbVDLSsNAFL2prxpfUZduBovgxpKIqBux6MZlBfuANpbJdNIOnTyYmRRKyJ+4EVHErR/h3o34N07aLrT1wMDhnHu5Z44XcyaVbX8bhYXFpeWV4qq5tr6xuWVt79RllAhCayTikWh6WFLOQlpTTHHajAXFgcdpwxtc535jSIVkUXinRjF1A9wLmc8IVlrqWFY7wKpPME8b2X165GQdq2SX7THQPHGmpHT5YV7ET19mtWN9trsRSQIaKsKxlC3HjpWbYqEY4TQz24mkMSYD3KMtTUMcUOmm4+QZOtBKF/mR0C9UaKz+3khxIOUo8PRknlPOern4n9dKlH/upiyME0VDMjnkJxypCOU1oC4TlCg+0gQTwXRWRPpYYKJ0WaYuwZn98jypH5ed0/LJrV2qXMEERdiDfTgEB86gAjdQhRoQGMIDPMOLkRqPxqvxNhktGNOdXfgD4/0H1AqWyg==</latexit>

W�1

<latexit sha1_base64="FaHH7JAeFaHXtb/Pu/cbjR9UU8Q=">AAAB63icbVBNSwMxEJ2tX7V+VT16CS1CRSi7Iuqx6MVjBfsB7VKyadqGJtklyQrL0r/gRUERr/4hb/03ZtsetPXBwOO9GWbmBRFn2rju1MmtrW9sbuW3Czu7e/sHxcOjpg5jRWiDhDxU7QBrypmkDcMMp+1IUSwCTlvB+C7zW09UaRbKR5NE1Bd4KNmAEWwyqYLPCr1i2a26M6BV4i1IuVbqnr9Oa0m9V/zu9kMSCyoN4VjrjudGxk+xMoxwOil0Y00jTMZ4SDuWSiyo9tPZrRN0apU+GoTKljRopv6eSLHQOhGB7RTYjPSyl4n/eZ3YDG78lMkoNlSS+aJBzJEJUfY46jNFieGJJZgoZm9FZIQVJsbGk4XgLb+8SpoXVe+qevlg07iFOfJwAiWogAfXUIN7qEMDCIzgGd7g3RHOi/PhfM5bc85i5hj+wPn6AdsEkHI=</latexit>

(a)
<latexit sha1_base64="9Z+fw6lSPqpGffa6R5zzBbTvuNU=">AAAB63icbVBNSwMxEJ2tX7V+VT16CS1CRSi7Iuqx6MVjBfsB7VKyadqGJtklyQrL0r/gRUERr/4hb/03ZtsetPXBwOO9GWbmBRFn2rju1MmtrW9sbuW3Czu7e/sHxcOjpg5jRWiDhDxU7QBrypmkDcMMp+1IUSwCTlvB+C7zW09UaRbKR5NE1Bd4KNmAEWwyqRKcFXrFslt1Z0CrxFuQcq3UPX+d1pJ6r/jd7YckFlQawrHWHc+NjJ9iZRjhdFLoxppGmIzxkHYslVhQ7aezWyfo1Cp9NAiVLWnQTP09kWKhdSIC2ymwGellLxP/8zqxGdz4KZNRbKgk80WDmCMTouxx1GeKEsMTSzBRzN6KyAgrTIyNJwvBW355lTQvqt5V9fLBpnELc+ThBEpQAQ+uoQb3UIcGEBjBM7zBuyOcF+fD+Zy35pzFzDH8gfP1A9yKkHM=</latexit>

(b)
<latexit sha1_base64="uI3qydl/tjIP4kLLFw7hG92RbeI=">AAAB63icbVBNSwMxEJ2tX7V+VT16CS1CRSi7Iuqx6MVjBfsB7VKyadqGJtklyQrL0r/gRUERr/4hb/03ZtsetPXBwOO9GWbmBRFn2rju1MmtrW9sbuW3Czu7e/sHxcOjpg5jRWiDhDxU7QBrypmkDcMMp+1IUSwCTlvB+C7zW09UaRbKR5NE1Bd4KNmAEWwyqULOCr1i2a26M6BV4i1IuVbqnr9Oa0m9V/zu9kMSCyoN4VjrjudGxk+xMoxwOil0Y00jTMZ4SDuWSiyo9tPZrRN0apU+GoTKljRopv6eSLHQOhGB7RTYjPSyl4n/eZ3YDG78lMkoNlSS+aJBzJEJUfY46jNFieGJJZgoZm9FZIQVJsbGk4XgLb+8SpoXVe+qevlg07iFOfJwAiWogAfXUIN7qEMDCIzgGd7g3RHOi/PhfM5bc85i5hj+wPn6Ad4QkHQ=</latexit>

(c)



Linear Equivalence

8

● Fourier-domain attention models

● Fourier transform and inverse Fourier transform

● Simplified assumptions without softmax

● Equivalent to time-domain attention
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<latexit sha1_base64="sK3mXzR7pkoZr8RpZFezkoEzQms=">AAAB7nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNSNWBTEZQV7gXYomTTThmYyIckIZehDuHGhiAs3vol7N+LbmF4W2vpD4OP/zyHnnFBypo3nfTu5hcWl5ZX8qru2vrG5VdjeqekkVYRWScIT1QixppwJWjXMcNqQiuI45LQe9q9Gef2eKs0ScWcGkgYx7goWMYKNteotgnl2PWwXil7JGwvNgz+F4sWHey7fvtxKu/DZ6iQkjakwhGOtm74nTZBhZRjhdOi2Uk0lJn3cpU2LAsdUB9l43CE6sE4HRYmyTxg0dn93ZDjWehCHtjLGpqdns5H5X9ZMTXQWZEzI1FBBJh9FKUcmQaPdUYcpSgwfWMBEMTsrIj2sMDH2Qq49gj+78jzUjkr+Sen41iuWL2GiPOzBPhyCD6dQhhuoQBUI9OEBnuDZkc6j8+K8TkpzzrRnF/7Ief8BstKS0A==</latexit>

F

o
<latexit sha1_base64="pOeZK++w9Fi11aptCFF1gX7q8y4=">AAAB+XicbVDLSsNAFL3xWeMr6tJNsAhuLImIuhGLgrisYB/QxjKZTtqhk0mYmRRKyJ+4EVHErR/h3o34N07aLrT1wMDhnHu5Z44fMyqV43wbc/MLi0vLhRVzdW19Y9Pa2q7JKBGYVHHEItHwkSSMclJVVDHSiAVBoc9I3e9f5X59QISkEb9Tw5h4IepyGlCMlJbaltUKkephxNLr7D49dLO2VXRKzgj2LHEnpHjxYZ7HT19mpW19tjoRTkLCFWZIyqbrxMpLkVAUM5KZrUSSGOE+6pKmphyFRHrpKHlm72ulYweR0I8re6T+3khRKOUw9PVknlNOe7n4n9dMVHDmpZTHiSIcjw8FCbNVZOc12B0qCFZsqAnCguqsNu4hgbDSZZm6BHf6y7OkdlRyT0rHt06xfAljFGAX9uAAXDiFMtxABaqAYQAP8AwvRmo8Gq/G23h0zpjs7MAfGO8/ueCWuQ==</latexit>
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<latexit sha1_base64="ISi00aROQ5+SDrh9Wk9UmN+Mzqk=">AAAB8nicbVA9SwNBEJ2LX/H8ilraLAbBKtyJqI0YtLGMYD4gOcLeZi9Zsrd77O4J4cjPsLFQJK3/w95G/DfuJSk0+mDg8d4M82bChDNtPO/LKSwtr6yuFdfdjc2t7Z3S7l5Dy1QRWieSS9UKsaacCVo3zHDaShTFcchpMxze5H7zgSrNpLg3o4QGMe4LFjGCjZXanRibAcE8a467pbJX8aZAf4k/J+Wrd/cymXy6tW7po9OTJI2pMIRjrdu+l5ggw8owwunY7aSaJpgMcZ+2LRU4pjrIppHH6MgqPRRJZUsYNFV/TmQ41noUh7Yzj6gXvVz8z2unJroIMiaS1FBBZouilCMjUX4/6jFFieEjSzBRzGZFZIAVJsZ+ybVP8BdP/ksaJxX/rHJ655Wr1zBDEQ7gEI7Bh3Oowi3UoA4EJDzCM7w4xnlyXp3JrLXgzGf24Rect2/0MZSz</latexit>

W

<latexit sha1_base64="ISi00aROQ5+SDrh9Wk9UmN+Mzqk=">AAAB8nicbVA9SwNBEJ2LX/H8ilraLAbBKtyJqI0YtLGMYD4gOcLeZi9Zsrd77O4J4cjPsLFQJK3/w95G/DfuJSk0+mDg8d4M82bChDNtPO/LKSwtr6yuFdfdjc2t7Z3S7l5Dy1QRWieSS9UKsaacCVo3zHDaShTFcchpMxze5H7zgSrNpLg3o4QGMe4LFjGCjZXanRibAcE8a467pbJX8aZAf4k/J+Wrd/cymXy6tW7po9OTJI2pMIRjrdu+l5ggw8owwunY7aSaJpgMcZ+2LRU4pjrIppHH6MgqPRRJZUsYNFV/TmQ41noUh7Yzj6gXvVz8z2unJroIMiaS1FBBZouilCMjUX4/6jFFieEjSzBRzGZFZIAVJsZ+ybVP8BdP/ksaJxX/rHJ655Wr1zBDEQ7gEI7Bh3Oowi3UoA4EJDzCM7w4xnlyXp3JrLXgzGf24Rect2/0MZSz</latexit>

W

<latexit sha1_base64="ISi00aROQ5+SDrh9Wk9UmN+Mzqk=">AAAB8nicbVA9SwNBEJ2LX/H8ilraLAbBKtyJqI0YtLGMYD4gOcLeZi9Zsrd77O4J4cjPsLFQJK3/w95G/DfuJSk0+mDg8d4M82bChDNtPO/LKSwtr6yuFdfdjc2t7Z3S7l5Dy1QRWieSS9UKsaacCVo3zHDaShTFcchpMxze5H7zgSrNpLg3o4QGMe4LFjGCjZXanRibAcE8a467pbJX8aZAf4k/J+Wrd/cymXy6tW7po9OTJI2pMIRjrdu+l5ggw8owwunY7aSaJpgMcZ+2LRU4pjrIppHH6MgqPRRJZUsYNFV/TmQ41noUh7Yzj6gXvVz8z2unJroIMiaS1FBBZouilCMjUX4/6jFFieEjSzBRzGZFZIAVJsZ+ybVP8BdP/ksaJxX/rHJ655Wr1zBDEQ7gEI7Bh3Oowi3UoA4EJDzCM7w4xnlyXp3JrLXgzGf24Rect2/0MZSz</latexit>

W

<latexit sha1_base64="BIjil6oAdZSVQznGmMdMWPWdgtc=">AAAB9HicbVDJSgNBEO2JW4xb1KOXJkGICGFGRD0GvXiMYBbIDKGnp5M06WXs7gkMQ/5C8OJBEa9+jLf8jZ3loIkPCh7vVVFVL4wZ1cZ1J05ubX1jcyu/XdjZ3ds/KB4eNbVMFCYNLJlU7RBpwqggDUMNI+1YEcRDRlrh8G7qt0ZEaSrFo0ljEnDUF7RHMTJWCnxN+xxVfBxJc9Ytlt2qOwNcJd6ClGsl//x5Ukvr3eK3H0mccCIMZkjrjufGJsiQMhQzMi74iSYxwkPUJx1LBeJEB9ns6DE8tUoEe1LZEgbO1N8TGeJapzy0nRyZgV72puJ/XicxvZsgoyJODBF4vqiXMGgknCYAI6oINiy1BGFF7a0QD5BC2NicCjYEb/nlVdK8qHpX1csHm8YtmCMPTkAJVIAHrkEN3IM6aAAMnsALeAPvzsh5dT6cz3lrzlnMHIM/cL5+AGCKlNQ=</latexit>

�(·)

<latexit sha1_base64="BIjil6oAdZSVQznGmMdMWPWdgtc=">AAAB9HicbVDJSgNBEO2JW4xb1KOXJkGICGFGRD0GvXiMYBbIDKGnp5M06WXs7gkMQ/5C8OJBEa9+jLf8jZ3loIkPCh7vVVFVL4wZ1cZ1J05ubX1jcyu/XdjZ3ds/KB4eNbVMFCYNLJlU7RBpwqggDUMNI+1YEcRDRlrh8G7qt0ZEaSrFo0ljEnDUF7RHMTJWCnxN+xxVfBxJc9Ytlt2qOwNcJd6ClGsl//x5Ukvr3eK3H0mccCIMZkjrjufGJsiQMhQzMi74iSYxwkPUJx1LBeJEB9ns6DE8tUoEe1LZEgbO1N8TGeJapzy0nRyZgV72puJ/XicxvZsgoyJODBF4vqiXMGgknCYAI6oINiy1BGFF7a0QD5BC2NicCjYEb/nlVdK8qHpX1csHm8YtmCMPTkAJVIAHrkEN3IM6aAAMnsALeAPvzsh5dT6cz3lrzlnMHIM/cL5+AGCKlNQ=</latexit>

�(·)

os
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o

<latexit sha1_base64="t7aw1vwq75bs6aSLfG57ONpgX1I=">AAAB+XicbVDLSsNAFL2prxpfUZduBovgxpKIqBux6MZlBfuANpbJdNIOnTyYmRRKyJ+4EVHErR/h3o34N07aLrT1wMDhnHu5Z44XcyaVbX8bhYXFpeWV4qq5tr6xuWVt79RllAhCayTikWh6WFLOQlpTTHHajAXFgcdpwxtc535jSIVkUXinRjF1A9wLmc8IVlrqWFY7wKpPME8b2X165GQdq2SX7THQPHGmpHT5YV7ET19mtWN9trsRSQIaKsKxlC3HjpWbYqEY4TQz24mkMSYD3KMtTUMcUOmm4+QZOtBKF/mR0C9UaKz+3khxIOUo8PRknlPOern4n9dKlH/upiyME0VDMjnkJxypCOU1oC4TlCg+0gQTwXRWRPpYYKJ0WaYuwZn98jypH5ed0/LJrV2qXMEERdiDfTgEB86gAjdQhRoQGMIDPMOLkRqPxqvxNhktGNOdXfgD4/0H1AqWyg==</latexit>

W�1

<latexit sha1_base64="FaHH7JAeFaHXtb/Pu/cbjR9UU8Q=">AAAB63icbVBNSwMxEJ2tX7V+VT16CS1CRSi7Iuqx6MVjBfsB7VKyadqGJtklyQrL0r/gRUERr/4hb/03ZtsetPXBwOO9GWbmBRFn2rju1MmtrW9sbuW3Czu7e/sHxcOjpg5jRWiDhDxU7QBrypmkDcMMp+1IUSwCTlvB+C7zW09UaRbKR5NE1Bd4KNmAEWwyqYLPCr1i2a26M6BV4i1IuVbqnr9Oa0m9V/zu9kMSCyoN4VjrjudGxk+xMoxwOil0Y00jTMZ4SDuWSiyo9tPZrRN0apU+GoTKljRopv6eSLHQOhGB7RTYjPSyl4n/eZ3YDG78lMkoNlSS+aJBzJEJUfY46jNFieGJJZgoZm9FZIQVJsbGk4XgLb+8SpoXVe+qevlg07iFOfJwAiWogAfXUIN7qEMDCIzgGd7g3RHOi/PhfM5bc85i5hj+wPn6AdsEkHI=</latexit>

(a)
<latexit sha1_base64="9Z+fw6lSPqpGffa6R5zzBbTvuNU=">AAAB63icbVBNSwMxEJ2tX7V+VT16CS1CRSi7Iuqx6MVjBfsB7VKyadqGJtklyQrL0r/gRUERr/4hb/03ZtsetPXBwOO9GWbmBRFn2rju1MmtrW9sbuW3Czu7e/sHxcOjpg5jRWiDhDxU7QBrypmkDcMMp+1IUSwCTlvB+C7zW09UaRbKR5NE1Bd4KNmAEWwyqRKcFXrFslt1Z0CrxFuQcq3UPX+d1pJ6r/jd7YckFlQawrHWHc+NjJ9iZRjhdFLoxppGmIzxkHYslVhQ7aezWyfo1Cp9NAiVLWnQTP09kWKhdSIC2ymwGellLxP/8zqxGdz4KZNRbKgk80WDmCMTouxx1GeKEsMTSzBRzN6KyAgrTIyNJwvBW355lTQvqt5V9fLBpnELc+ThBEpQAQ+uoQb3UIcGEBjBM7zBuyOcF+fD+Zy35pzFzDH8gfP1A9yKkHM=</latexit>

(b)
<latexit sha1_base64="uI3qydl/tjIP4kLLFw7hG92RbeI=">AAAB63icbVBNSwMxEJ2tX7V+VT16CS1CRSi7Iuqx6MVjBfsB7VKyadqGJtklyQrL0r/gRUERr/4hb/03ZtsetPXBwOO9GWbmBRFn2rju1MmtrW9sbuW3Czu7e/sHxcOjpg5jRWiDhDxU7QBrypmkDcMMp+1IUSwCTlvB+C7zW09UaRbKR5NE1Bd4KNmAEWwyqULOCr1i2a26M6BV4i1IuVbqnr9Oa0m9V/zu9kMSCyoN4VjrjudGxk+xMoxwOil0Y00jTMZ4SDuWSiyo9tPZrRN0apU+GoTKljRopv6eSLHQOhGB7RTYjPSyl4n/eZ3YDG78lMkoNlSS+aJBzJEJUfY46jNFieGJJZgoZm9FZIQVJsbGk4XgLb+8SpoXVe+qevlg07iFOfJwAiWogAfXUIN7qEMDCIzgGd7g3RHOi/PhfM5bc85i5hj+wPn6Ad4QkHQ=</latexit>

(c)
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● Wavelet-domain attention models

● Wavelet decomposition and wavelet reconstruction

● Simplified assumptions without softmax

● Equivalent to time-domain attention

x

q

k

v

o
<latexit sha1_base64="BIjil6oAdZSVQznGmMdMWPWdgtc=">AAAB9HicbVDJSgNBEO2JW4xb1KOXJkGICGFGRD0GvXiMYBbIDKGnp5M06WXs7gkMQ/5C8OJBEa9+jLf8jZ3loIkPCh7vVVFVL4wZ1cZ1J05ubX1jcyu/XdjZ3ds/KB4eNbVMFCYNLJlU7RBpwqggDUMNI+1YEcRDRlrh8G7qt0ZEaSrFo0ljEnDUF7RHMTJWCnxN+xxVfBxJc9Ytlt2qOwNcJd6ClGsl//x5Ukvr3eK3H0mccCIMZkjrjufGJsiQMhQzMi74iSYxwkPUJx1LBeJEB9ns6DE8tUoEe1LZEgbO1N8TGeJapzy0nRyZgV72puJ/XicxvZsgoyJODBF4vqiXMGgknCYAI6oINiy1BGFF7a0QD5BC2NicCjYEb/nlVdK8qHpX1csHm8YtmCMPTkAJVIAHrkEN3IM6aAAMnsALeAPvzsh5dT6cz3lrzlnMHIM/cL5+AGCKlNQ=</latexit>

�(·)

x

q

k

v

O
<latexit sha1_base64="BIjil6oAdZSVQznGmMdMWPWdgtc=">AAAB9HicbVDJSgNBEO2JW4xb1KOXJkGICGFGRD0GvXiMYBbIDKGnp5M06WXs7gkMQ/5C8OJBEa9+jLf8jZ3loIkPCh7vVVFVL4wZ1cZ1J05ubX1jcyu/XdjZ3ds/KB4eNbVMFCYNLJlU7RBpwqggDUMNI+1YEcRDRlrh8G7qt0ZEaSrFo0ljEnDUF7RHMTJWCnxN+xxVfBxJc9Ytlt2qOwNcJd6ClGsl//x5Ukvr3eK3H0mccCIMZkjrjufGJsiQMhQzMi74iSYxwkPUJx1LBeJEB9ns6DE8tUoEe1LZEgbO1N8TGeJapzy0nRyZgV72puJ/XicxvZsgoyJODBF4vqiXMGgknCYAI6oINiy1BGFF7a0QD5BC2NicCjYEb/nlVdK8qHpX1csHm8YtmCMPTkAJVIAHrkEN3IM6aAAMnsALeAPvzsh5dT6cz3lrzlnMHIM/cL5+AGCKlNQ=</latexit>

�(·)
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K

V

<latexit sha1_base64="sK3mXzR7pkoZr8RpZFezkoEzQms=">AAAB7nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNSNWBTEZQV7gXYomTTThmYyIckIZehDuHGhiAs3vol7N+LbmF4W2vpD4OP/zyHnnFBypo3nfTu5hcWl5ZX8qru2vrG5VdjeqekkVYRWScIT1QixppwJWjXMcNqQiuI45LQe9q9Gef2eKs0ScWcGkgYx7goWMYKNteotgnl2PWwXil7JGwvNgz+F4sWHey7fvtxKu/DZ6iQkjakwhGOtm74nTZBhZRjhdOi2Uk0lJn3cpU2LAsdUB9l43CE6sE4HRYmyTxg0dn93ZDjWehCHtjLGpqdns5H5X9ZMTXQWZEzI1FBBJh9FKUcmQaPdUYcpSgwfWMBEMTsrIj2sMDH2Qq49gj+78jzUjkr+Sen41iuWL2GiPOzBPhyCD6dQhhuoQBUI9OEBnuDZkc6j8+K8TkpzzrRnF/7Ief8BstKS0A==</latexit>

F

<latexit sha1_base64="sK3mXzR7pkoZr8RpZFezkoEzQms=">AAAB7nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNSNWBTEZQV7gXYomTTThmYyIckIZehDuHGhiAs3vol7N+LbmF4W2vpD4OP/zyHnnFBypo3nfTu5hcWl5ZX8qru2vrG5VdjeqekkVYRWScIT1QixppwJWjXMcNqQiuI45LQe9q9Gef2eKs0ScWcGkgYx7goWMYKNteotgnl2PWwXil7JGwvNgz+F4sWHey7fvtxKu/DZ6iQkjakwhGOtm74nTZBhZRjhdOi2Uk0lJn3cpU2LAsdUB9l43CE6sE4HRYmyTxg0dn93ZDjWehCHtjLGpqdns5H5X9ZMTXQWZEzI1FBBJh9FKUcmQaPdUYcpSgwfWMBEMTsrIj2sMDH2Qq49gj+78jzUjkr+Sen41iuWL2GiPOzBPhyCD6dQhhuoQBUI9OEBnuDZkc6j8+K8TkpzzrRnF/7Ief8BstKS0A==</latexit>

F

<latexit sha1_base64="sK3mXzR7pkoZr8RpZFezkoEzQms=">AAAB7nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNSNWBTEZQV7gXYomTTThmYyIckIZehDuHGhiAs3vol7N+LbmF4W2vpD4OP/zyHnnFBypo3nfTu5hcWl5ZX8qru2vrG5VdjeqekkVYRWScIT1QixppwJWjXMcNqQiuI45LQe9q9Gef2eKs0ScWcGkgYx7goWMYKNteotgnl2PWwXil7JGwvNgz+F4sWHey7fvtxKu/DZ6iQkjakwhGOtm74nTZBhZRjhdOi2Uk0lJn3cpU2LAsdUB9l43CE6sE4HRYmyTxg0dn93ZDjWehCHtjLGpqdns5H5X9ZMTXQWZEzI1FBBJh9FKUcmQaPdUYcpSgwfWMBEMTsrIj2sMDH2Qq49gj+78jzUjkr+Sen41iuWL2GiPOzBPhyCD6dQhhuoQBUI9OEBnuDZkc6j8+K8TkpzzrRnF/7Ief8BstKS0A==</latexit>

F

o
<latexit sha1_base64="pOeZK++w9Fi11aptCFF1gX7q8y4=">AAAB+XicbVDLSsNAFL3xWeMr6tJNsAhuLImIuhGLgrisYB/QxjKZTtqhk0mYmRRKyJ+4EVHErR/h3o34N07aLrT1wMDhnHu5Z44fMyqV43wbc/MLi0vLhRVzdW19Y9Pa2q7JKBGYVHHEItHwkSSMclJVVDHSiAVBoc9I3e9f5X59QISkEb9Tw5h4IepyGlCMlJbaltUKkephxNLr7D49dLO2VXRKzgj2LHEnpHjxYZ7HT19mpW19tjoRTkLCFWZIyqbrxMpLkVAUM5KZrUSSGOE+6pKmphyFRHrpKHlm72ulYweR0I8re6T+3khRKOUw9PVknlNOe7n4n9dMVHDmpZTHiSIcjw8FCbNVZOc12B0qCFZsqAnCguqsNu4hgbDSZZm6BHf6y7OkdlRyT0rHt06xfAljFGAX9uAAXDiFMtxABaqAYQAP8AwvRmo8Gq/G23h0zpjs7MAfGO8/ueCWuQ==</latexit>
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<latexit sha1_base64="ISi00aROQ5+SDrh9Wk9UmN+Mzqk=">AAAB8nicbVA9SwNBEJ2LX/H8ilraLAbBKtyJqI0YtLGMYD4gOcLeZi9Zsrd77O4J4cjPsLFQJK3/w95G/DfuJSk0+mDg8d4M82bChDNtPO/LKSwtr6yuFdfdjc2t7Z3S7l5Dy1QRWieSS9UKsaacCVo3zHDaShTFcchpMxze5H7zgSrNpLg3o4QGMe4LFjGCjZXanRibAcE8a467pbJX8aZAf4k/J+Wrd/cymXy6tW7po9OTJI2pMIRjrdu+l5ggw8owwunY7aSaJpgMcZ+2LRU4pjrIppHH6MgqPRRJZUsYNFV/TmQ41noUh7Yzj6gXvVz8z2unJroIMiaS1FBBZouilCMjUX4/6jFFieEjSzBRzGZFZIAVJsZ+ybVP8BdP/ksaJxX/rHJ655Wr1zBDEQ7gEI7Bh3Oowi3UoA4EJDzCM7w4xnlyXp3JrLXgzGf24Rect2/0MZSz</latexit>

W

<latexit sha1_base64="ISi00aROQ5+SDrh9Wk9UmN+Mzqk=">AAAB8nicbVA9SwNBEJ2LX/H8ilraLAbBKtyJqI0YtLGMYD4gOcLeZi9Zsrd77O4J4cjPsLFQJK3/w95G/DfuJSk0+mDg8d4M82bChDNtPO/LKSwtr6yuFdfdjc2t7Z3S7l5Dy1QRWieSS9UKsaacCVo3zHDaShTFcchpMxze5H7zgSrNpLg3o4QGMe4LFjGCjZXanRibAcE8a467pbJX8aZAf4k/J+Wrd/cymXy6tW7po9OTJI2pMIRjrdu+l5ggw8owwunY7aSaJpgMcZ+2LRU4pjrIppHH6MgqPRRJZUsYNFV/TmQ41noUh7Yzj6gXvVz8z2unJroIMiaS1FBBZouilCMjUX4/6jFFieEjSzBRzGZFZIAVJsZ+ybVP8BdP/ksaJxX/rHJ655Wr1zBDEQ7gEI7Bh3Oowi3UoA4EJDzCM7w4xnlyXp3JrLXgzGf24Rect2/0MZSz</latexit>

W

<latexit sha1_base64="ISi00aROQ5+SDrh9Wk9UmN+Mzqk=">AAAB8nicbVA9SwNBEJ2LX/H8ilraLAbBKtyJqI0YtLGMYD4gOcLeZi9Zsrd77O4J4cjPsLFQJK3/w95G/DfuJSk0+mDg8d4M82bChDNtPO/LKSwtr6yuFdfdjc2t7Z3S7l5Dy1QRWieSS9UKsaacCVo3zHDaShTFcchpMxze5H7zgSrNpLg3o4QGMe4LFjGCjZXanRibAcE8a467pbJX8aZAf4k/J+Wrd/cymXy6tW7po9OTJI2pMIRjrdu+l5ggw8owwunY7aSaJpgMcZ+2LRU4pjrIppHH6MgqPRRJZUsYNFV/TmQ41noUh7Yzj6gXvVz8z2unJroIMiaS1FBBZouilCMjUX4/6jFFieEjSzBRzGZFZIAVJsZ+ybVP8BdP/ksaJxX/rHJ655Wr1zBDEQ7gEI7Bh3Oowi3UoA4EJDzCM7w4xnlyXp3JrLXgzGf24Rect2/0MZSz</latexit>

W

<latexit sha1_base64="BIjil6oAdZSVQznGmMdMWPWdgtc=">AAAB9HicbVDJSgNBEO2JW4xb1KOXJkGICGFGRD0GvXiMYBbIDKGnp5M06WXs7gkMQ/5C8OJBEa9+jLf8jZ3loIkPCh7vVVFVL4wZ1cZ1J05ubX1jcyu/XdjZ3ds/KB4eNbVMFCYNLJlU7RBpwqggDUMNI+1YEcRDRlrh8G7qt0ZEaSrFo0ljEnDUF7RHMTJWCnxN+xxVfBxJc9Ytlt2qOwNcJd6ClGsl//x5Ukvr3eK3H0mccCIMZkjrjufGJsiQMhQzMi74iSYxwkPUJx1LBeJEB9ns6DE8tUoEe1LZEgbO1N8TGeJapzy0nRyZgV72puJ/XicxvZsgoyJODBF4vqiXMGgknCYAI6oINiy1BGFF7a0QD5BC2NicCjYEb/nlVdK8qHpX1csHm8YtmCMPTkAJVIAHrkEN3IM6aAAMnsALeAPvzsh5dT6cz3lrzlnMHIM/cL5+AGCKlNQ=</latexit>
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Role of Softmax: Fixed Seasonality
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● sin (x): softmax in Fourier domain 

correctly amplifies the frequency mode

Linear Attention Softmax Attention

Time domain Fourier domain



Role of Softmax: Varying Seasonality
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● Alternating sin(x), sin(2x): softmax in Fourier 

domain loses the small-value modes that convey 

the information of varying frequencies

Linear Attention Softmax Attention

Time domain Fourier domain



Role of Softmax: Trend Data
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Linear Attention Softmax Attention

● Linear trend: softmax in Fourier domain 

incorrectly amplifies low-frequency mode
Time domain Fourier domain



Real-World Datasets
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● Seasonal data (traffic): frequency attention models are better

● Trend data (weather): time attention models are better; 

all attention models do not perform well
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Transformer based on Seasonal Trend Decomposition
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● Seasonal trend decomposition

● MLP for trend part

● Fourier attention for seasonal part



Evaluation on Benchmarks 
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Ablation Study
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● Ours-MLP-TA (WA): replace Fourier attention by time (wavelet) attention

● Ours-TA-FA: replace MLP with time attention



Case Study

21

● Compare with best performing baseline FEDformer

● Seasonal data (ECL), trend data (Weather)
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● Our Method: TDformer
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Conclusion
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● Attention models in different domains have linear equivalence

● Due to softmax, attention models show empirical differences

● Attention models are generally not good at generalizing trend information

● We propose TDformer that uses MLP for trend and Fourier attention for 

seasonality, and achieves SOTA performance against existing attention models. 
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